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Abstract:A number of spacetime fields in string theory (notably the metric, dilaton, bosonic
and type 0 bulk closed-string tachyon, and bosonic open-string tachyon) have the following
property: whenever the spacetime field configuration factorizes in an appropriate sense, the
matter sector of the world-sheet theory factorizes into a tensor product of two decoupled
theories. Since the beta functions for such a product theory necessarily also factorize, this
property strongly constrains the form of the spacetime action encoding those beta functions.
We show that this constraint alone—without needing actually to compute any of the beta
functions—is sufficient to fix the form of the two-derivative action for the metric-dilaton
system, as well as the potential for the bosonic open-string tachyon. We also show that no
action consistent with this constraint exists for the closed-string tachyon coupled to the metric
and dilaton.
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1. Introduction
The interplay between world-sheet and spacetime physics is a hallmark of string theory. Each
possible spacetime background is represented on the world-sheet as a two-dimensional quan-
tum field theory, and the consistency requirements for world-sheet physics, such as conformal
invariance, impose strict constraints on what spacetime backgrounds are (classically) allowed.
In this sense the spacetime theory is a meta-theory, since it describes all allowed world-sheet
theories within some given class. A natural question is then, What constraints does this
peculiar theory-within-a-theory structure impose on the spacetime theory? Presumably not
every spacetime theory that one can imagine is derivable from string theory.
In this paper we will directly attack that question, working at the classical level. We will
concern ourselves with certain string fields possessing a simplifying property we will refer to as
world-sheet factorization, by which we mean that, whenever the spacetime field configuration
factorizes (in an appropriate sense), the world-sheet theory factorizes into a tensor product of
two decoupled theories. (Here we are referring to the matter sector of the world-sheet theory,
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after gauge-fixing.) Suppose, for example, that in the bosonic string theory the spacetime is
a product manifold M(1) ×M(2), on which the metric and dilaton factorize as follows:
ds2(x1, x2) = ds2(1)(x
1) + ds2(2)(x
2) , (1.1)
Φ(x1, x2) = Φ(1)(x
1) + Φ(2)(x
2) , (1.2)
where x1 and x2 represent sets of coordinates on M(1) and M(2) respectively. Then the
world-sheet action1
Sds
2,Φ[X] =
1
2piα′
∫
d2z
(
Gµν(X)∂X
µ∂¯Xν + 2α′R(2)Φ(X)
)
, (1.3)
will clearly decompose into
Sds
2,Φ[X1,X2] = S
ds2
(1)
,Φ(1) [X1] + S
ds2
(2)
,Φ(2) [X2] , (1.4)
and the world-sheet theory will decompose into a tensor product of decoupled theories. The
same, of course, applies to the supersymmetric sigma model. Other examples of string fields
obeying world-sheet factorization are the B-field, the (bosonic and type 0) bulk closed-string
tachyon, the open-string gauge field, and the bosonic open-string tachyon. Examples of string
fields that do not obey world-sheet factorization include compactification moduli, localized
closed-string tachyons, transverse scalars on D-branes, and open-string tachyons in super-
string theories. In Section 2 below we will discuss the issue of world-sheet factorization in
more detail, and explain why it fails in each of these cases. For now, let us proceed to
investigate its consequences.
The classical equations of motion for the string fields in spacetime are the requirement
that the beta functions of the world-sheet theory vanish. If the world-sheet theory factorizes
into two decoupled theories, as in (1.4), then it is obvious that the beta functions for each
factor theory are independent of the other factor theory. In the sigma-model case, we must
have
βG11[ds
2,Φ] = βG[ds2(1),Φ(1)] , β
G
22[ds
2,Φ] = βG[ds2(2),Φ(2)] , β
G
12[ds
2,Φ] = 0 , (1.5)
βΦ[ds2,Φ] = βΦ[ds2(1),Φ(1)] + β
Φ[ds2(2),Φ(2)] . (1.6)
(Here in βΦ we are only including the contribution from the sets of fields X1 and X2, not
for example from the ghosts, whereas it is the total dilaton beta function that must vanish
to satisfy the spacetime eqations of motion.) It is easy to see that (1.5) and (1.6) are indeed
obeyed by the one-loop (i.e. two-spacetime-derivative) approximation to the sigma-model beta
functions [1]:
1
α′
βGµν = Rµν + 2∇µ∂νΦ+O(α
′) (1.7)
1
α′
βΦ =
D
6α′
−
1
2
∇2Φ+ ∂ωΦ∂
ωΦ+O(α′) . (1.8)
1Throughout this paper we will use S for world-sheet actions and S for spacetime actions.
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In fact, the properties (1.5) and (1.6) severely restrict the possible terms that may appear in
the beta functions. At the two-derivative level, for example, world-sheet factorization forbids
the terms RGµν and ∂µΦ∂νΦ from appearing in β
G
µν , which would otherwise be allowed by
the diffeomorphism and dilaton shift symmetries.
It should be noted that, although essentially trivial from the world-sheet point of view,
from the spacetime point of view the property of factorization is a highly unusual one for a
set of field theory equations of motion to possess. Consider, for example, a system as simple
as a massless scalar field with a quartic self-coupling; the equation of motion is
∇2φ− λφ3 = 0 . (1.9)
If φ is a sum of a function of x1 and a function of x2,
φ(x1, x2) = φ(1)(x
1) + φ(2)(x
2) , (1.10)
then the condition for φ(x1, x2) to solve (1.9) is quite different from the conditions for φ(1)
and φ(2) separately to solve the same equation. Another simple example is gravity with a
minimally coupled massless scalar field, whose equations of motion are
∇2φ = 0 , Rµν − ∂µφ∂νφ = 0 . (1.11)
Under the ansatz (1.1), (1.10), the first equation splits nicely. In the second equation, however,
the second term contains mixed components ∂1φ(1)∂2φ(2), spoiling the factorization.
The approximate sigma-model beta functions (1.7), (1.8) possess another property that
is rather less obvious from the world-sheet point of view: they are derivable from a spacetime
action. Specifically, if we write the functional
S = α′
∫
dDxG1/2e−2Φ
(
−
2D
3α′
+R+ 4∂µΦ∂
µΦ+O(α′)
)
, (1.12)
then βG and βΦ are given by linear combinations of the variational derivatives δS/δGµν and
δS/δΦ, so that the zeroes of the beta functions coincide with the stationary points of S [1].2
Tseytlin has given arguments that this should be true to all orders in α′; more specifically, to
all orders the action should take the form
∫
G1/2e−2Φ(GµνβGµν−4β
Φ) [2]. Certainly on general
grounds the existence of a spacetime action would appear to be necessary to guarantee the
consistency of classical string theory. For those open-string fields that represent renormal-
izable boundary couplings, the existence of a spacetime action whose variational derivatives
yield the beta functions has been proven; specifically, the action is given by the boundary
entropy [3, 4].
Our strategy in this paper will be to assume the existence of a spacetime action and derive
the consequences of world-sheet factorization for it. (We will also assume basic properties
such as diffeomorphism invariance and the masslessness of the dilaton.) For most of the
paper, we will work at the two-derivative level. Our main results are:
2More precisely, since the spacetime equations of motion demand that the total dilaton beta function
vanish, the total spacetime action includes contributions from all sectors of the world-sheet theory, including
the ghosts.
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1. World-sheet factorization is sufficient to fix the form of the action (1.12) for the metric
and dilaton. (The B-field may also easily be incorporated into the analysis.)
2. World-sheet factorization is sufficient to fix the form of the bosonic open-string tachyon
potential; the result agrees with that obtained in Boundary String Field Theory (BSFT)
[5, 3].
3. There does not exist an action for the bulk closed-string tachyon, coupled to the metric
and dilaton, obeying world-sheet factorization.
The derivations mentioned in points (1) and (2) are markedly simpler than the standard ones
relying in the case of point (1) upon an actual calculation of the world-sheet beta functions,
and in the case of point (2) upon the machinery of BSFT (see [6, 7] for reviews). We should
mention, however, that our derivations leave certain constants in the actions unfixed, such as
the height of the open-string tachyon potential (necessary for confirming the Sen conjecture).
The no-go theorem of point (3) presents a serious problem for the various effective actions
proposed recently for the metric-dilaton-tachyon system [8, 9, 10, 11, 12, 13, 14, 15].3 However,
it does not follow from this theorem that there does not exist any spacetime action for the
closed-string tachyon. Various ways around the theorem are discussed in Section 3, the most
likely being that any such action necessarily involves the massive string fields in an essential
way. From one point of view this is not surprising: once we include the tachyon in the
dynamics, there is no separation of energy scales to prevent the massive string fields from
being excited as well. From another point of view (specifically, the world-sheet point of view),
however, there is a fundamental difference between the tachyon and the massive string fields:
the former represents a renormalizable world-sheet coupling, just like the massless fields,
while the latter represent non-renormalizable couplings. By definition, the renormalizable
couplings form a closed system under RG flow, so it makes sense to ask whether their beta
functions are derivable from an action without including any other string fields. Indeed, this
fact is the basis for BSFT, which represents a truncation of the dynamics to the massless
and tachyonic open string fields. Although it is well known that the particulars of BSFT do
not straightforwardly generalize to the closed-string fields (see [6] for an explanation), one
might hope that there exists some other way to construct a closed-string field theory just for
the tachyonic and massless fields. The no-go theorem presented in this paper would seem to
present a serious obstacle for any such theory.
The property of world-sheet factorization has been employed previously, within the con-
text of other investigations, to constrain spacetime actions in string theory (see for example
[19, 20, 13]). Here the focus is on factorization itself, seeing how far it—almost alone—can
take us.
The structure of the paper is as follows. In Section 2 we discuss the property of world-
sheet factorization in more detail, giving examples of string fields that do and do not obey it.
3Aspects of the action for the closed-string tachyon action have been discussed in many other papers,
including [16, 17, 18].
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We also remind the reader what it means technically for the beta functions to be “derivable”
from a spacetime action, and spell out some of our technical assumptions.
In Section 3 we consider the implications of world-sheet factorization for various sets of
spacetime fields, restricting ourselves to two-derivative actions. We derive the BSFT potential
for the bosonic open-string tachyon, as well as the action for that field coupled to the open-
string gauge field. We then include gravity, and derive the action for the metric-dilaton
system. We also show that no action satisfying world-sheet factorization exists for gravity
coupled to more than one scalar field, thereby ruling out an action for the bulk closed-string
tachyon coupled to the metric and dilaton.
Finally, in Section 4, we go beyond the two-derivative approximation. In particular, we
consider actions that contain arbitrary numbers of derivatives, but only in the form of powers
of first derivatives (as in the Nambu-Goto and Born-Infeld actions). For a single scalar, we
find that the only such action obeying factorization is of the form
∫
e±(∂µφ)
2
. Since this
does not reduce in the limit of small (∂µφ)
2 to the two-derivative open-string tachyon action
(in particular it has no potential term), we learn that the higher-derivative corrections to
the latter action either involve more than one derivative acting on the tachyon field, or else
involve the other string fields. Finally, we consider an abelian gauge field and find that the
most general action respecting factorization is of the form
∫
tr f(F ) or
∫
det f(F ), where the
arbitrary function f acts on the field strength Fµν in the usual way that a function acts on
a matrix. The Born-Infeld action is a special case of
∫
det f(F ) with f(x) = (1 + x)1/2.
Some possible questions for future exploration are:
1. Can we find a two-derivative action, obeying factorization, for the closed-string tachyon
coupled to the metric, dilaton, and massive string fields?
2. In this paper we consider only abelian gauge fields. How does world-sheet factorization
constrain non-abelian generalizations of the Born-Infeld action?
3. How does world-sheet factorization constrain higher-derivative corrections to the action
for the metric-dilaton system?
4. Finally, what about string fields that do not obey world-sheet factorization? Is there
some principle, reflecting their world-sheet origin, that constrains their spacetime ac-
tions in the way that factorization does for the fields considered in this paper?
2. General principles
2.1 World-sheet factorization
As stated in the introduction, we apply the term “world-sheet factorization” to any string
field for which the world-sheet theory factorizes into a tensor product of decoupled theories
whenever the spacetime field configuration factorizes in an appropriate sense. Besides the
dilaton and metric discussed in the introduction, string fields that behave in this way include:
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1. The B-field, for which the world-sheet action (in the bosonic case) is
SB[X] =
1
2piα′
∫
d2z Bµν(X)∂X
µ∂¯Xν . (2.1)
If, as a two-form, B = B(1) + B(2), where B(1) lives on M(1) and B(2) on M(2), then
clearly SB[X1,X2] = SB(1) [X1] + SB(2) [X2]. The same applies to the supersymmetric
world-sheet.
2. The bulk closed-string tachyon of either the bosonic or the type 0 theory. In the bosonic
case, the tachyon appears as a potential on the world-sheet, and in the type 0 case as
a superpotential:
Sφ[X] =
1
2piα′
∫
d2z φ(X) (bosonic), (2.2)
Sφ[X] =
1
2piα′
∫
d2zd2θ φ(X) (type 0). (2.3)
In the type 0 case θ and θ˜ are the fermionic world-sheet coordinates and Xµ = Xµ +
iθψµ + iθ˜ψ˜µ + θθ˜Fµ is the supercoordinate. In either case, if φ splits as in (1.10), the
world-sheet action splits.
3. Open-string gauge fields in either the bosonic or superstring theories. These are bound-
ary couplings; for a single D-brane the world-sheet actions are:
SA[X] =
1
2piα′
∫
dτAµ(X)∂τX
µ (bosonic), (2.4)
SA[X] =
1
2piα′
∫
dτdθ Aµ(X)DX
µ (superstring), (2.5)
where τ is the bosonic boundary coordinate. In the superstring case θ is the fermionic
boundary coordinate, and D = ∂θ + θ∂τ . Factorization is clear. For multiple D-branes,
the action is slightly more complicated, but factorization occurs as long as A1 and A2
(the x1 and x2 components of Aµ respectively) commute. The same holds also for the
heterotic gauge field.
4. The bosonic open-string tachyon. This acts as a boundary potential:
Sφ[X] =
1
2piα′
∫
dτ φ(X) . (2.6)
Perhaps it is also useful to list a few common string fields to which factorization does not
apply. Usually this occurs because, even when the spacetime field configuration splits, on the
world-sheet it couples both sets of fields X1 and X2 to some third set of fields, and therefore
indirectly to each other.
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1. The open-string tachyon in superstring theories. In these theories there is an additional
degree of freedom living on the boundary, a superfield Γ = η+ θF , where η is fermionic
and F is auxiliary. This field couples to X via the tachyon [21, 22]:
Sφ[X,Γ] =
1
2piα′
∫
dτdθ φ(X)Γ . (2.7)
Even with φ(x1, x2) = φ(1)(x
1)+ φ(2)(x
2), both superfields X1 and X2 will couple to Γ,
and therefore to each other.
2. Compactification moduli and localized tachyons. For example, let the spacetime field
h(x) be the radius-squared of an S1 with coordinate y. The world-sheet action will
contain the term
Sh[X,Y ] =
1
2piα′
∫
d2z h(X)∂Y ∂¯Y . (2.8)
Again, even if h(x1, x2) = h(1)(x
1) + h(2)(x
2), both X1 and X2 will couple to Y , and
therefore to each other.
3. The transverse scalars on a D-brane. These are not couplings in the usual sense (i.e.
coefficients for terms in the world-sheet action), but rather are boundary conditions for
the world-sheet scalars. Nothing particular happens to the world-sheet theory when a
transverse scalar is a sum of a function of x1 and a function of x2.
Indeed, in those cases where the spacetime action is known (such as the Nambu-Goto action
for the transverse scalars), it is easy to check that the equations of motion do not factorize.
Finally, let us mention one technical point concerning the statement that the beta func-
tions for a product of two decoupled quantum field theories factorize. Although this may seem
like an utterly obvious statement, its validity actually depends on the renormalization scheme
employed. A sufficiently crude regulator (such as enforcing a minimum separation in position
space between colliding operators) will yield an apparent coupling in the infrared between
two theories that are decoupled in the ultraviolet, in the sense that mixed operators will
aquire non-zero coefficients in the effective action. (Such a coupling will be fictitious in the
sense that mixed correlators will still vanish.) The point is that a change of renormalization
scheme is equivalent to a redefinition of coupling constants, which from the spacetime point of
view is a field redefinition, and the property of factorization is not invariant under non-linear
field redefinitions. For example, gravity with a dilaton and gravity with a minimally coupled
massless scalar field are equivalent theories under a non-linear field redefinition (a change of
frame), despite the fact that one theory obeys factorization while the other does not. In what
follows, we will assume a scheme (such as one employing dimensional regularization) in which
decoupled theories stay decoupled under RG flow, and we will permit ourselves only linear
field redefinitions. (There is one exception: shifting a scalar field by an amount proportional
to D respects factorization, since D splits the same way a scalar does.)
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2.2 Spacetime action
In the introduction, we reminded the reader that the one-loop beta functions (1.7) and (1.8)
are derivable from the spacetime action (1.12). Specifically, the beta functions are given by
a gradient-flow type relation on the space of couplings (spacetime field configurations):
βI = −GIJ
δS
δϕJ
. (2.9)
Here the index I stands for the field (Gµν or Φ) as well as the spacetime point x. GIJ is a
non-degenerate (but not positive-definite) metric on the space of field configurations, which
can be written
GIJδϕ
IδϕJ =
∫
dDxG1/2e−2Φ
(
δGµνδG
µν −
1
2
(4δΦ − δGµ
µ)2
)
. (2.10)
Note that this metric is not diagonal in the fields, since it mixes the metric and dilaton per-
turbations. It is, however, diagonal in the spacetime position, i.e. does not contain derivatives
acting on δGµν etc. Nor does it contain derivatives of the fields themselves, i.e. terms such
as RδΦ2. We will refer to these properties as ultralocality.
We will assume in this paper that the beta functions for all the fields we consider are
derivable from a spacetime action in the sense of (2.9). We will also assume that the (a priori
unknown) metric GIJ is ultralocal. (The last restriction will be slightly relaxed in the last
section, for reasons we will explain there.)
3. Two-derivative actions
3.1 Single scalar field
A free scalar field φ, with action
S = −
1
2
∫
dDx
(
∂µφ∂
µφ+m2φ2
)
(3.1)
and equation of motion
∇2φ−m2φ = 0 (3.2)
clearly satisfies factorization. From the discussion of φ4 theory in the introduction, one might
conclude that any interaction term is forbidden, since it would introduce a non-linearity into
the equation of motion. We will now see that this is not true.
We begin by writing the most general action up to two derivatives:
S = −
∫
dDx
(
1
2
g(φ)∂µφ∂
µφ+ V (φ)
)
. (3.3)
We will assume a flat spacetime, but the calculation would go through unchanged on a fixed
curved background metric, so long as it factorized as in (1.1). A priori the functions g and
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V may also depend on the spacetime dimensionality D. We will assume that g(φ) does not
vanish. The variational derivative is
δS
δφ
= g(φ)∇2φ+
1
2
g′(φ)∂µφ∂
µφ− V ′(φ) . (3.4)
When the field configuration splits as in (1.10), the terms ∇2φ and ∂µφ∂
µφ both split:
∇2φ = ∇2(1)φ(1) +∇
2
(2)φ(2) , ∂µφ∂
µφ = ∂1φ(1)∂
1φ(1) + ∂2φ(2)∂
2φ(2) . (3.5)
To obtain a beta function that splits, we first need to divide the variational derivative (3.4)
by g(φ) (up to an unimportant overall constant k):
kβφ = −∇2φ−
g′(φ)
2g(φ)
∂µφ∂
µφ+
V ′(φ)
g(φ)
. (3.6)
In other words, we take the metric on the space of field configurations to be GIJδϕ
IδϕJ =
k
∫
dDx g(φ)δφ2. Second, we require g′(φ)/g(φ) to be constant. Two possibilities are allowed:
(1) g(φ) = g0, and (2) g(φ) = g0e
φ. Here g0 is a non-zero constant, and in case (2) we have
used the freedom to do linear field redefinitions. Third, we require V ′(φ)/g(φ) to be a linear
combination of φ and D.
In case (1) we obtain the following action,
S = −g0
∫
dDx
(
1
2
∂µφ∂
µφ+
1
2
m2φ2 + αDφ+ V0
)
, (3.7)
and we are back to the free case. Here m2 and α are arbitrary (D-independent) constants.
The constant V0 has no effect on the dynamics, and therefore may depend arbitrarily on D.
If m2 is non-zero, then α can be eliminated by shifting φ by αD/m2.
In case (2) we find the following action:
S = −g0
∫
dDx
[
eφ
(
1
2
∂µφ∂
µφ+m2(φ− 1) + αD
)
+ V0
]
. (3.8)
This is the most general interacting theory that obeys factorization. Again, if m2 6= 0, then
α can be eliminated by shifting φ. The free action (3.7) may be obtained as a limit of (3.8)
under a rescaling of φ.
Let us now return to string theory. If we consider φ to be the dilaton, then the free string
theory tells us that m2 = 0. Up to the undetermined constants α, g0, and V0, and with the
rescaling φ = −2Φ, (3.8) is indeed the dilaton part of the action (1.12). (We will see below
that the free parameter V0 is eliminated once we include gravity.)
On the other hand, if we consider φ to be the bosonic open-string tachyon, then we know
that α = 0, since φ = 0 is a classical solution. The resulting potential has precisely the form
of the one derived within Boundary String Field Theory [5, 3]:
V (φ) ∼ eφ(1− φ) . (3.9)
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This version of string field theory essentially follows the sigma-model approach, treating
the tachyon field as a boundary coupling (specifically, a potential) on the world-sheet. The
property of derivability from an action, as in (2.9), has been proven for the beta functions of
renormalizable boundary couplings [3, 4], so it is not a surprise that this worked. Nonetheless
it is remarkable that the form of the potential could be derived without doing a single world-
sheet computation. On the other hand, unlike the honest BSFT computation, we cannot
determine g0 or m
2, and thereby for example verify the Sen conjecture regarding the depth
of the tachyon potential.4
At this point the reader may object that, when dealing with a field with a string-scale mass
such as the open-string tachyon, it is inappropriate to work with an action that is truncated at
the two-derivative level (or indeed, at any finite number of derivatives). Certainly no solution
to the equations of motion derived from this action can be trusted, other than one that
is constant in spacetime. Therefore we must emphasize that our arguments have nowhere
depended on finding solutions to the equations of motion, that is, field configurations on
which the beta functions vanish. Such field configurations necessarily involve derivatives of
order one in string units. Rather, we consider field configurations with only small derivatives,
and expand the beta functions in powers of derivatives; the fact that those beta functions
may be far from vanishing does not affect our arguments.
To avoid cluttering the equations, from this point onward we will often omit overall
multiplicative and additive constants, such as g0 and V0 above, which have no effect on the
equations of motion. We will also omit the undetermined overall constants multiplying the
beta functions, such as k in (3.6).
A similar argument shows that a complex scalar with a global U(1) symmetry must be free
in order to obey factorization. (In superstring theories, the open strings stretching between
a D-brane and an anti-D-brane include a complex tachyon field. However, as explained in
Section 2, this string field is not subject to the restriction of world-sheet factorization.)
3.2 Abelian gauge field and neutral scalar
For simplicity we restrict our considerations to a single abelian gauge field. The case of a
gauge field alone is rather uninteresting, since the only gauge-invariant action with up to two
derivatives (that makes sense in a general dimension) is the Maxwell action, whose equations
of motion obviously do obey factorization. With the idea of applying the result to the bosonic
open-string fields, we therefore consider a gauge field in combination with a neutral scalar.
The general action is:
S = −
∫
dDx
(
1
4
f(φ)FµνF
µν +
1
2
g(φ)∂µφ∂
µφ+ V (φ)
)
. (3.10)
4One may be tempted to fix m2 and g0 by matching the mass and (say) cubic vertex as computed from
(3.8) with those obtained in perturbative string theory. This is not correct for the following reason. Because
the tachyon has a string-scale mass, the higher-derivative terms in the action, which we have not computed,
are just as important for evaluating the mass and interactions as the two-derivative terms we have computed.
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We assume that f(φ) and g(φ) do not vanish. The variational derivatives are:
δS
δφ
= g(φ)∇2φ+
1
2
g′(φ)∂µφ∂
µφ− V ′(φ)−
1
4
f ′(φ)FµνF
µν , (3.11)
δS
δAν
= f(φ)∂µF
µν + f ′(φ)∂µφF
µν . (3.12)
The field-space metric GIJ cannot mix Aµ and φ fluctuations (the only combination allowed
by Lorentz invariance would be AµδAµδφ, but that is not gauge invariant). So the beta
functions must be:
βφ = −∇2φ−
g′(φ)
2g(φ)
∂µφ∂
µφ+
V ′(φ)
g(φ)
+
f ′(φ)
4g(φ)
FµνF
µν . (3.13)
βAν = −∂µF
µν −
f ′(φ)
f(φ)
∂µφF
µν . (3.14)
In order for βA to factorize properly, f ′(φ)/f(φ) must be constant. One possibility is f ′(φ) =
0. In this case the gauge field and the scalar are decoupled; the scalar is as in the previous
subsection, and the gauge field is a free Maxwell field. The more interesting possibility is
f(φ) = f0e
φ. Then, in order for the FµνF
µν term in βφ to factorize properly, we must have
g(φ) = g0e
φ. Finally, V (φ) is as in case (2) above. All in all, we find that the most general
action obeying factorization for a gauge field interacting with a scalar is
S = −f0
∫
dDx eφ
(
1
4
FµνF
µν +
1
2
∂µφ∂
µφ+m2(φ− 1) + αD
)
. (3.15)
(We have rescaled A to set f0 = g0.) Equation (3.15) agrees with the result found in BSFT
for the coupling between the tachyon and the gauge field [23].
3.3 Multiple scalars
Having obtained the form of the bosonic open-string tachyon action by applying the factoriza-
tion constraint, we would like to see what it says about the closed-string tachyon action. The
closed-string tachyon necessarily couples to the dilaton and metric, so we need to consider
what factorization says about the action for multiple scalars coupled to gravity. We begin by
considering multiple scalars without gravity.
We consider scalars φi, with action
S = −
∫
dDx
(
1
2
gij(φ)∂µφ
i∂µφj + V (φ)
)
. (3.16)
A priori the only condition is that the field-space metric gij be non-degenerate. From the
equations of motion, we learn that factorization requires the components of the Christoffel
symbols Γijk computed from gij to be constant, and ∂iV = gij(C
j
kφ
k +αjD), where Cjk and
αj are constant. The fact that Γijk is constant implies that the components of Γ
i
ij = ∂i ln g
1/2,
Rijkl (the Riemann tensor with one index raised) and Rij (the Ricci tensor) are constant.
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In two dimensions we have Rij =
1
2Rgij , implying either (1) gij = 2R
−1Rij or (2) R = 0
(here R is the Ricci scalar derived from the field space metric gij). In case (1) we have
gij(φ) = e
ckφ
k
gij(0), where ck is constant (and gij(0) can depend on D only through an
overall factor). If ck = 0 then V (φ) = gij(
1
2C
i
kφ
jφk + αiφjD) + V0. If ck 6= 0 then V (φ) =
eckφ
k
(C(ckφ
k−1)+αD)+V0. In case (2) it follows that Γ
i
1j and Γ
i
2j commute with each other
as matrices in i, j, and we have gij(φ) = Mi
i′(φ)Mj
j′(φ)gi′j′(0), where M(φ) = exp(φ
iΓ·i·).
We were not able to find the general solution for V (φ) in explicit form.
In more than two dimensions (i.e. with more than two scalars) it’s not clear whether
there is an explicit form for the general metric with constant Christoffel symbol coefficients.
We will not pursue this subject further, since it will turn out that the inclusion of gravity will
drastically change the story.
3.4 Pure gravity
The action is
S =
∫
dDxG1/2 (R− V0) , (3.17)
where V0 may depend on D. The variational derivative is given by
G−1/2
δS
δGµν
= −Rµν +
1
2
RGµν −
1
2
V0G
µν . (3.18)
The term RGµν would spoil factorization; to remove it we must use the following field-space
metric:
GIJdϕ
IdϕJ =
∫
dDxG1/2
(
δGµνδG
µν −
1
2
(δGµ
µ)2
)
, (3.19)
yielding
βGµν = Rµν −
V0
D − 2
Gµν . (3.20)
For this to factorize, Λ ≡ V0/(D− 2) must be constant (independent of D). So we obtain the
action
S =
∫
dDxG1/2 (R− (D − 2)Λ) . (3.21)
3.5 Gravity and single scalar
We start with the action
S =
∫
dDxG1/2
(
f(φ)R−
1
2
Gµνg(φ)∂µφ∂νφ− V (φ)
)
. (3.22)
The variation with respect to Gµν is
G−1/2
δS
δGµν
= −fRµν + f
′∇µ∂νφ+
(
f ′′ +
1
2
g
)
∂µφ∂νφ+ (· · · )Gµν . (3.23)
The third term, proportional to ∂µφ∂νφ, would spoil factorization, so its coefficient must
vanish. Furthermore, for the first and second terms to factorize, f ′/f must be constant. One
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possibility would be for f itself to be constant, but that would imply that g vanishes, making
φ non-dynamical. Therefore (using a linear field redefinition on φ, and up to an overall factor)
we have 2f = −g = eφ. The analysis of the potential term proceeds similarly to the case of
the scalar without gravity. The result is the following action:
S =
∫
dDxG1/2eφ
(
1
2
R+
1
2
∂µφ∂
µφ+m2(φ− 1) + αD
)
(3.24)
(note that there is no V0 term). The field-space metric must be of the form
GIJdϕ
IdϕJ = 2
∫
dDxG1/2eφ
(
δGµνδG
µν + η(δGµ
µ + 2δφ)2
)
, (3.25)
yielding the following beta functions:
βGµν = Rµν −∇µ∂νφ+m
2Gµν (3.26)
4ηβφ = ∇2φ+ ∂µφ∂
µφ− 2m2φ+ (m2 − 2α)D − (1 + 2η)GµνβGµν . (3.27)
Let us now return to string theory. If we consider φ to be the dilaton, then, using the ad-
ditional information that it is massless, we obtain the dilaton-metric part of the action (1.12),
up to the substitution φ = −2Φ and the undetermined constant α. (The constant η, which
appears in the beta functions but not in the action, is also undetermined by factorization. It
happens to equal −12 .) It is straightforward to add the B-field; the result is that
S =
∫
dDxG1/2e−2Φ
(
αD +R+ 4∂µΦ∂
µΦ−
1
12
HµνλH
µνλ
)
, (3.28)
is the only two-derivative action consistent with factorization for a massless scalar, metric,
and B-field.
On the other hand, if we consider φ to be the (closed-string) tachyon, then we do not find
an action consistent with what we know, namely that flat space with a vanishing tachyon is
a classical solution. However, since the tachyon and dilaton can mix, in principle cancelling
non-factorizing terms in each other’s beta functions, this setup is too constraining. Therefore,
in the next subsection we will ask what happens if we include the tachyon and the dilaton at
the same time.
3.6 Gravity and multiple scalars
With multiple scalars, the general action is
S =
∫
dDxG1/2
(
f(φ)R−
1
2
Gµνgij(φ)∂µφ
i∂νφ
j − V (φ)
)
, (3.29)
and the variation with respect to Gµν is
−fRµν + ∂if∇µ∂νφ
i +
(
∂i∂jf +
1
2
gij
)
∂µφ
i∂νφ
j + (· · · )Gµν . (3.30)
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Following the same logic as in the previous subsection, we learn that f = 12e
ckφ
k
and gij =
−cicje
ckφ
k
. Now we have a problem. The kinetic terms in the Lagrangian, namely
1
2
eckφ
k
(
R+Gµν∂µ(ckφ
k)∂ν(ckφ
k)
)
, (3.31)
involve the scalars only in the linear combination ckφ
k. The other scalar degrees of freedom
are non-dynamical. In sum, there is no two-derivative action that respects factorization for
multiple scalars coupled to gravity.
This no-go theorem appears to rule out the various effective actions for the tachyon-
metric-dilaton system that have been proposed recently [8, 9, 10, 11, 12, 13, 14, 15]. But
does it rule out the possibility of having any action at all for the tachyon? The absence of
an action would seem to pose problems for the classical consistency of the bosonic and type
0 theories. There are, however, at least two ways around the theorem. First, it is conceivable
that the tachyon action does not contain two-derivative terms, but is instead dynamical due
to higher-derivative terms. A more likely possibility is simply that the tachyon mixes in an
essential way with massive string fields (in particular, non-scalar ones). Such a mixing could
eliminate the non-factorizing terms in the tachyon action. It would be interesting to make
this proposal concrete, perhaps first in a toy model.
4. Born-Infeld-type actions
It is interesting to try to extend the above analysis to actions with more than two derivatives,
ideally even with an infinite number. Technically this is difficult, as the number of unknown
functions in the action grows rapidly with the number of derivatives. Therefore in this
section we will limit ourselves to actions that contain derivatives only in the form of powers
of the first derivative, such as the Nambu-Goto and Born-Infeld actions. (As explained in
the introduction, however, the Nambu-Goto action itself does not obey factorization, as the
transverse scalars on a D-brane do not represent additive world-sheet couplings.) Such an
action is applicable for large field gradients but small second and higher derivatives. We will
consider two cases: a single scalar field, and a single abelian gauge field.
4.1 Single scalar field
The general action takes the form
S =
∫
dDxL(u, φ) , u ≡
1
2
(∂µφ)
2 . (4.1)
Its variation is
δS
δφ
= −
∂L
∂u
∇2φ−
∂2L
∂u2
∂µφ∂µu− 2u
∂2L
∂u∂φ
+
∂L
∂φ
. (4.2)
The beta function can be a linear combination, with constant coefficients, of the independent
quantities ∇2φ, ∂µφ∂µu, u, φ, and D, all of which factorize. The first two of these quantities,
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∇2φ and ∂µφ∂µu, appear only in the first two terms of (4.2); it follows that ∂L/∂u and
∂2L/∂u2 are proportional to each other, hence ∂L/∂u = −g(φ)eCu for some g(φ) and C
(where C cannot depend on D). If C = 0 we have L = −g(φ)u − V (φ), bringing us back to
the case of two derivatives, which was treated in Section 3 above. Therefore we will assume
C 6= 0, yielding L = −C−1g(φ)eCu − V (φ). The last two terms in (4.2), divided by ∂L/∂u,
must also split:
(
∂L
∂u
)−1(
−2u
∂2L
∂u∂φ
+
∂L
∂φ
)
= (C−1 − 2u)
g′(φ)
g(φ)
+ e−Cu
V ′(φ)
g(φ)
. (4.3)
Given that C−1 doesn’t split but u does, g′(φ) must vanish. And given that e−Cu doesn’t
split (additively), V ′(φ) must vanish. We are left with an almost unique Lagrangian:
S =
∫
dDx e±(∂µφ)
2
(4.4)
(where we’ve rescaled φ). Note that the field-space metric GIJ here involves derivatives of φ:
GIJδϕ
IδϕJ =
∫
dDx e±(∂µφ)
2
δφ2.5
It’s not clear if (4.4) is the action governing any actual string fields. However, since it
does not reduce in the limit of small u to the action (3.8), we learn that none of the higher-
derivative corrections to the open-string tachyon action are in the form of functions of φ and
u; rather they must all involve more than one derivative acting on φ (or other string fields).
4.2 Abelian gauge field
A straightforward calculation shows that the Born-Infeld action,
S =
∫
dDx det1/2 (δµν + F
µ
ν) , (4.5)
obeys factorization. It will turn out, however, that factorization does not uniquely specify
this particular action. Rather, as we will show, any Lagrangian that obeys factorization must
be either the trace or the determinant of some function of Fµν :
S =
∫
dDx tr f(F ) , S =
∫
dDx det f(F ) . (4.6)
Here f is any real function of a real variable, whose action on the matrix Fµν is defined in the
usual way through its power series. (The function f may not depend on D.) For example,
the Born-Infeld case (4.5) is covered by the second equation in (4.6), with f(x) = (1 + x)1/2.
Unlike in the scalar case above, where u was the only Lorentz-invariant quantity involving
the gradient of φ, in the case of the gauge field there is an infinite number of them, namely
the traces of all powers of Fµν :
un ≡
1
n
trFn . (4.7)
5In this derivation we implicitly assumed that the beta function contains the term ∇2φ. If we dropped this
assumption, and also allowed GIJ to contain differential operators acting on δφ, then any action at all would
be allowed.
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(Note that un vanishes for odd n.) In any fixed dimension D, only a finite number of the un
are independent. However, for any finite set of the un, there is a sufficiently large D such that
all the members of the set are independent. Since we are looking for an action that applies
to all dimensions (possibly with some explicit dependence on D), we will treat all the un as
independent. Thus the Lagrangian is a priori a function of an infinite number of variables:
S =
∫
dDxL(D,u2, u4, . . . ) . (4.8)
The variation is as follows:
δS
δAν
=
∑
n,m=2,4,...
∂2L
∂um∂un
(Fn−1)µν∂µum +
∑
n=2,4,...
∂L
∂un
∂µ(F
n−1)µν . (4.9)
The vectors (Fn−1)µν∂µum and ∂µ(F
n−1)µν factorize and are independent (at sufficiently
large D, in the same sense that the un are). Therefore their coefficients must be proportional
to each other:
∂2L
∂um∂un
= Emng(D,u2, u4, . . . ),
∂L
∂un
= Cng(D,u2, u4, . . . ) (4.10)
(where Emn and Cn are D-independent). It follows from the second equation of (4.10) that
the Lagrangian depends on the un only through the following linear combination:
u ≡
∑
n=2,4,...
Cnun = tr f(F ), f(x) =
∑
n=2,4,...
Cn
n
xn . (4.11)
From this definition, f can be any even function that vanishes at the origin. Actually, both
restrictions can be dropped, since the odd part of f doesn’t contribute to u anyway, and the
constant term contributes only a term proportional to D. So far we have L(D,u2, u4, . . . ) =
L(D,u). However, from the first equation of (4.10) we learn that ∂2L/∂u2 is proportional to
∂L/∂u. As usual, there are two solutions: L is either linear or exponential in u. These give
rise to the two possibilities in (4.6) (in the second case, f in (4.6) is the exponential of f in
(4.11)).
It would be interesting to see if there is any simple condition which, given the class of
actions (4.6) that obey factorization, uniquely picks out the Born-Infeld action for the gauge
field on a D-brane. It would also be interesting to investigate what restrictions factorization
places on non-abelian generalizations of the Born-Infeld action. However, we will leave these
questions to future work.
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